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Abstract
The main objective of this article is a constructive generalization of the holomor-
phic power and Laurent series expansions in C to dimension 3 using the framework
of hypercomplex function theory. For this reason, deals the first part of this article
with generalized Fourier & Taylor series expansions in the space of square inte-
grable quaternion-valued functions which possess peculiar properties regarding the
hypercomplex derivative and primitive. In analogy to the complex one-dimensional
case, both series expansions are orthogonal series with respect to the unit ball in
R3 and their series coefficients can be explicitly (one-to-one) linked with each other.
Furthermore, very compact and efficient representation formulae (recurrence, closed-
form) for the elements of the orthogonal bases are presented. The latter results are
then used to construct a new orthonormal bases of outer solid spherical monogenics
in the space of square integrable quaternion-valued functions. This finally leads to
the definition of a generalized Laurent series expansion for the spherical shell.
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1 Introduction
Let B+2 be the unit disc and f a holomorphic function in the space of square inte-
grable holomorphic functions L2(B+2 ;C) ∩ ker ∂¯. As is well known, an orthonormal
basis of holomorphic polynomials {z˜n}n∈N0 in L2(B+2 ;C) ∩ ker ∂¯ is obtained by the
normalization of the complex monomials
z˜n =
√
n+ 1
pi
zn
with respect to the unit disc. From the orthogonality and completeness of the above
basis follows directly that each function f ∈ L2(B+2 ;C) ∩ ker ∂¯ possesses a unique
Fourier series expansion
f =
∞∑
n=0
z˜nβn, with βn =< z˜
n, f >(B+2 ;C)
=
∫
B2
z˜nf dσ.
A important structural property of the complex Fourier series is related to their com-
plex derivative and primitive. Therefore, let us firstly consider the non-normalized
basis functions zn with respect to their complex derivative ∂zz
n = n zn−1 as well as
their holomorphic primitive
∫
zndz = 1n+1 z
n+1. Here, the significant property re-
sults from the fact that the complex derivation or primitivation of an arbitrary basis
function yields again a real multiple of a single basis function. Formally speaking,
this means that the derivative as well as the primitive of the complex Fourier series
can be considered again as a Fourier series expansion. In addition, it is also well
known that in the complex theory exists a direct relation between the global and
the local approximation of a function. Let f be again a holomorphic function in
L2(B+2 ;C) ∩ ker ∂¯ then f possesses in B2 the Taylor series expansion
f =
∞∑
n=0
zn
f (n)(z)
n!
∣∣∣∣∣
z=0
that is also an orthogonal series in L2(B+2 ;C) ∩ ker ∂¯. Again, this naturally results
from the special structural properties of the basis functions zn which are, in par-
ticular with regard to the Taylor series, the orthogonality and that for each basis
element the condition zn ∈ (∂n+1z \ ∂nz )∩ ker ∂¯ holds. A direct consequence of these
orthogonal power series expansions is that the Fourier- and Taylor coefficients of
a given function f ∈ L2(B+2 ;C) ∩ ker ∂¯ are explicitly (one-to-one) linked with each
other. If we consider in addition the z-powers of negative order then it is also well
known that each holomorphic function defined on an annulus has a unique Laurent
series expansion. The corresponding Laurent coefficients are determined by line
integrals which are a generalization of Cauchy’s integral formula. Another remark-
able fact is that the secondary part of the Laurent series of a holomorphic function
defined in a certain annulus coincides with their Taylor series expansions and thus
provides another way to compute the Taylor coefficients.
In conclusion of the last paragraph (see Figure 1), it becomes clear that the
canonical power series expansions (Fourier, Taylor & Laurent) in the complex one-
dimensional case have an extraordinary quality and a lot of structural relations
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Figure 1: Power and Laurent series expansions in C.
among each other. Against this background, one looks also in the higher-dimensional
Euclidian space for function systems generalizing the special structural properties
of the series expansions in C. An appropriate theoretical framework that is very
similar to the complex one-dimensional case is provided by the theory of monogenic
functions. In this article we primarily consider quaternion-valued monogenic func-
tions that in the following are simply called monogenic or H-holomorphic functions,
respectively. Usually (see e.g. [11]) monogenic functions are introduced as solu-
tions of a Dirac equation or of a generalized Cauchy-Riemann system. Already in
1935 it was proved by Fueter [22] that a monogenic function can locally be devel-
oped in a Taylor series with respect to the so-called symmetric powers (symmetric
products of the Fueter-variables). This local representation was also used in [11]
for the description of monogenic functions and as a technical tool in many proofs.
In 1990 it was proved by Malonek [32] that monogenic functions can be defined
equivalently by their Taylor series with respect to the symmetric powers and also
by a hypercomplex derivability. The latter was refined and extended to arbitrary
dimensions in [24] and it was shown that in all real space dimensions the operator
1
2∂ can be understood as a hypercomplex derivative. Here, ∂ stands for the adjoint
generalized Cauchy-Riemann operator. A survey on this work and an extensive list
of references can be found in [23]. However, in comparison to the complex Taylor
series, where the series itself as well as their complex derivative and primitive have
the property of an orthogonal series, it turns out that the Taylor series in terms of
the Fueter polynomials doesn’t generalize these properties. In [1] and subsequent
papers by the same authors a system of special monogenic functions was studied.
This approach also allows to define an orthogonal Taylor-type series expansion but
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was not related to the hypercomplex derivability. Considering the second branch of
monogenic Fourier series, it must be mentioned that there are a lot of contributions
on the global approximation of monogenic functions by orthogonal polynomials but
mostly also not focused on the connection between local and global approximation.
Therefore, a detailed reference list is omitted because the results are not needed
here. An exception takes the constructive approach [12, 14] where a few structural
properties of the complex Fourier series expansion could be generalized. Therein,
one could obtain, similar to the complex case, explicit series representations of the
hypercomplex derivative and primitive based on a monogenic Fourier series expan-
sion in terms of solid spherical monogenics. But once again, the orthogonality of the
resulting series representations (see, e.g., [15, 13]) isn’t preserved. In [12, 25] one
could further prove explicit relations between the coefficients of the aforementioned
Fourier series and the Taylor series in terms of the symmetric powers which yields,
due to the missing orthogonality, very extensive expressions.
Coming again back to the complex case, another canonical series expansion is the
Laurent series in terms of the holomorphic powers zk, k ∈ Z (see, Figure 1). Due to
the fact that the complex Laurent series is also based on the z-monomials (extended
by the elements of negativ order), the series possesses a direct interplay with the
Taylor series expansion as well as with Cauchy’s integral formula. In the higher
dimensional case the situation is again different. Here, the Laurent series expansions
so far were primarily used as a theoretical tool in many proofs (see, e.g., [11, 19])
whereas explicit formulae were not readily available. A first constructive attempt
was made by van Lancker [36] using Gegenbauer functions that leads to (integral)
representations for a Taylor-type as well as a Laurent-type series expansion.
In summary and against the background of this article, it can be said that the
theory of monogenic functions provides formally seen all the powerful tools known
from the complex one-dimensional theory, as for instance the mentioned Taylor- and
Fourier series expansion as well as a Laurent series expansion and Cauchy’s integral
formula (see, e.g., [11]). However, from a structural point of view and particularly
with regard to the practical applicability of the aforementioned function theoretical
tools it can be observed that their properties considerably differ from their complex
analogues.
In this contribution a very recent approach of monogenic power and Laurent
series expansions in the framework of real quaternions is presented which gener-
alizes all of the aforementioned properties of the holomorphic series expansions in
C. These results are part of the thesis [4] and summarized in the article on hand.
For this reason, the article is structured as follows: In Section 2 we briefly intro-
duce the algebraic setting and fix some notations. Section 3 deals then with the
generalization of the canonical power series expansions Fourier & Taylor to higher
dimensions using orthogonal bases of solid spherical monogenics. The resulting se-
ries expansions possess special properties regarding the hypercomplex derivation
and primitivation. Here, it should be emphasized that the series expansions as well
as their structural properties were already studied in [9] and thus only summarized
here. Details and related proofs may be found in [4, 9]. In section 4 & 5, some
new representation formulae (recurrence, closed-form) for the basis elements are
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presented which provide a very compact formulation of the orthogonal bases. In
Section 6 an orthonormal basis of outer solid spherical monogenics in the space of
square integrable quaternion-valued functions is constructed by applying the Kelvin
transformation to the elements of the orthonormal basis studied in Section 3. This
orthonormal basis is then used in Section 7 to construct an orthogonal Appell ba-
sis of outer spherical monogenics and in Section 8 to define an orthogonal Laurent
series expansion in the spherical shell. Finally, the interplay of the new Laurent
series expansion with Cauchy’s integral formula and the corresponding Taylor series
expansion will be emphasized.
2 Preliminaries and Notations
Let H be the algebra of real quaternions with the standard basis {e0, e1, e2, e3}
subjected to the multiplication rules
eiej + ejei = −2δij e0, i, j = 1, 2, 3,
e1e2 = e3, e0ei = eie0 = ei, i = 0, 1, 2, 3.
The real vector space R4 will be embedded in H by identifying the element a =
(a0, a1, a2, a3)
T ∈ R4 with the quaternion a = a0 + a1e1 + a2e2 + a3e3, ai ∈ R,
i = 0, 1, 2, 3, where e0 = (1, 0, 0, 0)
T is the multiplicative unit element of the algebra
H and will be omitted in expressions if there is no source for misunderstandings.
Further, we denote by
(i) Sc(a) = a0 the scalar part, Vec(a) = a =
∑3
i=1 aiei the vector part of a,
(ii) a¯ = a0 − a the conjugate of a,
(iii) |a| = √a a¯ the norm of a,
(iv) a−1 = a¯|a|2 , a 6= 0 the inverse of a.
The real vector space R3 will be embedded in H by the identification of x =
(x0, x1, x2)
T ∈ R3 with the reduced quaternion x = x0 + x1e1 + x2e2. As a conse-
quence, we will often use the same symbol x to represent a point in R3 as well as
to represent the corresponding reduced quaternion.
Let now Ω be an open subset of R3 with a piecewise smooth boundary. An
H-valued function is a mapping f : Ω −→ H such that f(x) = ∑3i=0 f i(x) ei , x ∈
Ω. The coordinates f i(x) are real-valued functions defined in Ω, i.e., f i(x) :
Ω −→ R , i = 0, 1, 2, 3. Continuity, differentiability or integrability of f are defined
coordinate-wisely. We will work with the right H-linear Hilbert space of square-
integrable H-valued functions in Ω that is denoted by L2(Ω;H) and equipped with
the H-valued inner product
< f, g >L2(Ω;H)=
∫
Ω
f¯ g dV.
Here dV denotes the Lebesgue measure in R3. Furthermore, the operator
∂¯ :=
∂
∂x0
+
∂
∂x
=
∂
∂x0
+ e1
∂
∂x1
+ e2
∂
∂x2
(1)
5
is called generalized Cauchy-Riemann operator. The corresponding adjoint gener-
alized Cauchy-Riemann operator is defined by
∂ :=
∂
∂x0
− ∂
∂x
=
∂
∂x0
− e1 ∂
∂x1
− e2 ∂
∂x2
. (2)
At this point, we emphasize that throughout this article the introduced differential
operators are considered as operators acting from the left and analogously denoted
as in the complex analysis (see, e.g., [23]) which is vice versa to the commonly used
notation in Clifford analysis. This leads to the following definitions:
Definition 2.1 A function f ∈ C1(Ω;H) is called monogenic or H-holomorphic in
Ω ⊂ R3 if
∂¯f = 0 in Ω (or equivalently f ∈ ker ∂¯ in Ω). (3)
Conversely, a function f̂ ∈ C1(Ω;H) is called anti-monogenic or anti-H-holomorphic
in Ω ⊂ R3 if
∂f̂ = 0 in Ω (or equivalently f ∈ ker ∂ in Ω). (4)
In view of the upcoming calculations we also need a more specific formulation of
the monogenicity criteria (3) that is in particular advantageous for the conversion of
a given monogenic function into an anti-monogenic function and vice versa. Thus,
we introduce for a given function f ∈ C1(Ω;H) the notation f = fe0e3 + fe1e2 :=(
f0 + f3e3
)
+
(
f1e1 + f
2e2
)
. Applying now the compact formulation of the differ-
ential operator (1) to f yields an equivalent definition of H-holomorphy (3) given
by the system
f ∈ ker ∂¯ ⇔ ∂fe0e3
∂x0
+
∂fe1e2
∂x
= 0,
⇔ ∂fe1e2
∂x0
+
∂fe0e3
∂x
= 0.
 (5)
Based on the last representation one can conclude a significant connection between
monogenic and anti-monogenic functions.
Corollary 2.1 Let f =
∑3
i=0 f
iei ∈ C1(Ω;H) be a monogenic function in Ω ⊂ R3.
The function
f̂ := f0 − f1e1 − f2e2 + f3e3 (6)
defines an anti-monogenic function in Ω, such that ∂f̂ = 0.
Proof. Let f ∈ ker ∂¯ be denoted by f = fe0e3+fe1e2 =
(
f0 + f3e3
)
+
(
f1e1 + f
2e2
)
,
we have f̂ = fe0e3 − fe1e2 . Applying the compact formulation of the differential
operator (2) and using the relations (5) yields the proof of the corollary
0
!
= ∂f̂ =
(
∂fe0e3
∂x0
+
∂fe1e2
∂x
)
−
(
∂fe1e2
∂x0
+
∂fe0e3
∂x
)
= 0.

Here, it should be emphasized that in the complex one-dimensional case the con-
jugation of an holomorphic function f ∈ C1(Ω;C) gives directly the corresponding
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anti-holomorphic function f̂ and thus f¯ ≡ f̂ . For H-valued monogenic functions
this property doesn’t hold in general as Corollary 2.1 shows. An exceptional case
takes the subset of A-valued monogenic functions which can be easily deduced from
the latter calculations.
Furthermore, we need the well known concept of the hypercomplex derivative
that was first introduced by Malonek [31] for the quaternionic case and later on also
generalized to arbitrary dimensions [24].
Definition 2.2 (Hypercomplex derivative) Let f ∈ C1(Ω;H) be a continuous,
real-differentiable function and monogenic in Ω. The expression ∂0f :=
1
2∂f is
called hypercomplex derivative of f in Ω.
As a consequence of Definition 2.2, we introduce a special subset of monogenic
functions characterized by vanishing first derivatives.
Definition 2.3 (Monogenic constant) A C1-function belonging to ker ∂0∩ker ∂¯
is called monogenic constant.
Moreover, we state the definition of a monogenic primitive.
Definition 2.4 (Primitive) A function F ∈ C1(Ω;H) is called monogenic primi-
tive of a monogenic function f with respect to the hypercomplex derivative ∂0, if
F ∈ ker ∂¯ and ∂0F = f.
If for a given function f ∈ ker ∂¯ such a function F exists then it will be denoted by
Pf := F .
Let us remark that in the complex theory a holomorphic primitive of a holomor-
phic function is simply constructed by line integrals. However, a higher dimensional
analogue of this elementary procedure does not exist due to line integrals are in
general not path independent. Here, we will use an operator approach as for in-
stance applied in [13], where an primitivation operator acting on each element of
an orthogonal basis is defined and extended by continuity to the whole space. In
this connection, it is important to mention that already several definitions for the
monogenic primitive as a right inverse operator to the hypercomplex derivative ∂0
exist (see, e.g., [18, 25] or a survey in [23]). The primitivation operator defined in
this article extend the results of [13] by important structural properties.
3 Orthonormal bases of solid spherical mono-
genics and power series expansions
As it was already emphasized in the beginning of this paper, complex power series
expansions are in particular orthogonal series expansions with respect to the unit
disc. It is for this reason to look now in the spatial case for orthogonal systems
on the first place with respect to the unit ball in R3. First of all, let us fix some
notations:
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Definition 3.1 ( i) Let B+3 := B
+
3 (0, 1) be the unit ball and B
+
3 := B+3 ∪ S2 its
closure with the unit sphere S2 := ∂B+3 . The corresponding outer domain is
denoted by B−3 := R3 \ B
+
3 and its closure by B
−
3 := R3 \ B+3 .
( ii) Let M+n be the space of homogeneous monogenic polynomials of degree n. An
arbitrary element Pn ofM+n is called inner solid spherical monogenic of degree
n.
( iii) Let M−n be the space of homogeneous monogenic functions in R30 = R3 \ {0}
with degree of homogeneity −(n+2). An arbitrary element Qn ofM−n is called
outer solid spherical monogenic of degree n.
As a matter of course, we will work with spherical coordinates
x0 = r cos θ, x1 = r sin θ cosϕ, x2 = r sin θ sinϕ,
where 0 < r < ∞, 0 < θ ≤ pi, 0 < ϕ ≤ 2pi. Each x ∈ R3 \ {0} admits a unique
representation x = rω, where ω = ω0 + ω1e1 + ω2e2, with ωj =
xj
r (j = 0, 1, 2) and
|ω| = 1. The spherical representation of the hypercomplex derivative is then given
by
∂0 =
1
2
(
ω
∂
∂r
+
1
r
L
)
(7)
where
L = (− sin θ − cos θ cosϕ e1 − cos θ sinϕ e2) ∂
∂θ
+
1
sin θ
(sinϕ e1 − cosϕ e2) ∂
∂ϕ
.
3.1 The basic polynomial toolbox
One simple and constructive way to generate monogenic functions is based on the
factorization of the Laplace operator ∆ = ∂∂¯ by the generalized Cauchy-Riemann
operator and its adjoint operator. In other words this means that applying the
operator ∂ to a harmonic function subsequently yields a monogenic function. In
[12, 14] this construction principle was used for the first time to construct a linearly
independent system of inner solid spherical monogenics in a quite explicit way. This
construction was based on the well known system of spherical harmonics
{U ln+1, V mn+1, l = 0, . . . , n+ 1, m = 1, . . . , n+ 1}n∈N0
considered, e.g., in [34]. Here, we will only summarize the final representation
formulae of the system elements and refer for a detailed study and related proofs to
[12, 14]. The set of inner solid spherical monogenics is defined by
{rnX ln, rn Y mn , l = 0, . . . , n+ 1,m = 1, . . . , n+ 1}n∈N0 (8)
where the so-called spherical monogenics are given by
X ln := ∂0
[
rn+1 U ln+1
] ∣∣∣
r=1
= Al,n cos lϕ
+ (Bl,n cosϕ cos lϕ− Cl,n sinϕ sin lϕ) e1
+ (Bl,n sinϕ cos lϕ+ Cl,n cosϕ sin lϕ) e2, (9)
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Y mn := ∂0
[
rn+1 V mn+1
] ∣∣∣
r=1
= Am,n sinmϕ
+ (Bm,n cosϕ sinmϕ+ Cm,n sinϕ cosmϕ) e1
+ (Bm,n sinϕ sinmϕ− Cm,n cosϕ cosmϕ) e2, (10)
with the coefficient functions
Am,n :=
1
2
(
sin2 θ
d
dt
[Pmn+1(t)]t=cos θ + (n+ 1) cos θP
m
n+1(cos θ)
)
, (11)
Bm,n :=
1
2
(
sin θ cos θ
d
dt
[Pmn+1(t)]t=cos θ − (n+ 1) sin θPmn+1(cos θ)
)
, (12)
Cm,n :=
1
2
m
1
sin θ
Pmn+1(cos θ). (13)
The functions Pmn+1 appearing in (11)-(13) are the associated Legendre functions
which, as it is well known, are solutions to several recurrence formulae. In this
article we particularly need the recurrence relations
(1− t2)(Pmn+1(t))′ = (n+m+ 1)Pmn (t)− (n+ 1) t Pmn+1(t), (14)
(1− t2)1/2(Pmn+1(t))′ = Pm+1n+1 (t)−m (1− t2)−1/2 t Pmn+1(t), (15)
(1− t2)1/2Pmn+1(t) =
1
2n+ 3
(
Pm+1n+2 (t)− Pm+1n (t)
)
(16)
and the two-step formula
(n−m+ 1)Pmn+1(t)− (2n+ 1) t Pmn (t) + (n+m)Pmn−1(t) = 0, (17)
where m = 0, . . . , n + 1. For a detailed study of the associated Legendre functions
we refer, e.g., to [2] and [34]. Here, it must be remarked that the system of solid
spherical monogenics (8) is also extensively studied in the context of square inte-
grable A-valued functions (solutions to the so-called Riesz system). Already in [12]
it was proved that system (8) is an orthogonal system with respect to the unit ball
B+3 and in [17] its completeness in L2(B
+
3 ;A)∩ker ∂¯. Later on, this system was used
in [25, 26, 27, 28] to prove real part estimates of monogenic power series and some
further structural properties of the polynomials itself. The reader is cautioned that
the set A is only a real vector space but not a sub-algebra of H and thus considerably
differs from the situation considered in this article.
Finally, we end up by recalling a result that relates the coefficient functions
(11)-(13) among each other. In [8, proof of Proposition 3.1] it was proved that for
a fixed n ∈ N0 the relations
(n+m+ 2) Am,n = Cm+1,n − Bm+1,n, (18)
Am+1,n = (n+m+ 2)
(
Bm,n + Cm,n
)
(19)
hold, with m = 0, . . . , n.
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3.2 An H-linear complete orthonormal system of inner
solid spherical monogenics
For each n ∈ N0, we now denote the normalized set of inner solid spherical mono-
genics (8) multiplied by a basis element ej , j = 0, 1, 2, 3 from the right by
X˜0,†n,j :=
rnX0n ej∥∥rnX0n∥∥L2(B+3 ) , X˜
m,†
n,j :=
rnXmn ej∥∥rnXmn ∥∥L2(B+3 ) , Y˜
m,†
n,j :=
rnY mn ej∥∥rnY mn ∥∥L2(B+3 ) , (20)
where the norms (see, e.g., [12]) are explicitly given by
∥∥rnX0n∥∥L2(B+3 ;H) =
√
pi(n+ 1)
2n+ 3
,∥∥rnXmn ∥∥L2(B+3 ;H) = ∥∥rnY mn ∥∥L2(B+3 ;H) =
√
pi(n+ 1)(n+m+ 1)!
2(2n+ 3)(n−m+ 1)! ,
 (21)
with m = 1, . . . , n + 1. As it was already stated in [7] and particularly proved in
[4, 9], special H-linear combinations of the inner solid spherical monogenics (20)
constitute the orthonormal system:
Theorem 3.1 ([4, 9]) For each n ∈ N0 the following n + 1 inner solid spherical
monogenics are orthonormal in L2(B+3 ;H) ∩ ker ∂¯:
ϕ0n,H := X˜
0,†
n,0,
ϕln,H := cn,−l
(
X˜ l,†n,0 − Y˜ l,†n,3
)
,
 (22)
where cn,−l =
√
n+1
2(n−l+1) and l = 1, . . . , n.
In [35], Sudbery proved that dimM+n (H) = n+ 1. It is also known that for n 6= m
the elements of the subspacesM+n (H) andM+m(H) are automatically orthogonal in
L2(B+3 ;H) ∩ ker ∂¯. Since, for a fixed n ∈ N0, the system (22) is of dimension n+ 1
and thus an orthonormal basis in M+n (H) ⊂ L2(B+3 ;H) ∩ ker ∂¯, we conclude:
Corollary 3.1 ([4, 9]) The system of inner solid spherical monogenics
{
ϕln,H :
l = 0, . . . , n
}
n∈N0 is an orthonormal basis in L
2(B+3 ;H) ∩ ker ∂¯.
Due to the orthogonality and the completeness of the orthonormal system (22) we
state the Fourier series expansion in L2(B+3 ;H) ∩ ker ∂¯.
Corollary 3.2 (Fourier series in L2(B+3 ;H) ∩ ker ∂¯) Let f ∈ L2(B+3 ;H) ∩ ker ∂¯.
Then f can be uniquely represented in terms of the orthonormal system (22), that
is:
f :=
∞∑
n=0
n∑
l=0
ϕln,Hαn,l, with αn,l =
∫
B3
ϕln,H f dV. (23)
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Here, it should be emphasized that in contrast to the complex case the order of
ϕln,H and f in the inner products has to be respected. Equivalently, characterizing
f ∈ L2(B+3 ;H)∩ker ∂¯ by means of the Fourier coefficients yields naturally Parsevals
identity :
Corollary 3.3 f ∈ L2(B+3 ;H) ∩ ker ∂¯ is equivalent to
∞∑
n=0
n∑
l=0
|αn,l|2 < ∞.
Let us now focus on some important structural properties of the orthonormal
system (22) which extend the H-linear system constructed in [12, 14] significantly.
Theorem 3.2 ([4, 9]) For the polynomials ϕln,H, l = 0, . . . , n of system (22), the
following properties hold:
( i) Applying the hypercomplex derivative ∂0 =
1
2∂ to the complete orthonormal
system (22) yields
∂0 ϕ
k
n,H =
√
(2n+ 3)(n− k)(n+ k + 1)
2n+ 1
ϕkn−1,H, k = 0, . . . , n− 1, n ∈ N.
( ii) The operator PH :M+n (H)→M+n+1(H) given by
PH ϕln,H =
√
2n+ 3
(2n+ 5)(n− l + 1)(n+ l + 2) ϕ
l
n+1,H,
defines a primitive on each basis element, such that ∂0
[PH ϕln,H] = ϕln,H and
l = 0, . . . , n, n ∈ N0.
( iii) Denoting by ∂n0 the n-fold application of the hypercomplex derivative, we state
ϕln,H ∈
(
ker ∂n−l+10 \ ker ∂n−l0
) ∩ ker ∂¯, l = 0, . . . , n, n ∈ N0,
where ∂00 is identified with the identity operator.
As a direct consequence of the last theorem, Figure 2 qualitatively illustrates the
structural ordering of the basis elements and the mapping properties of the hyper-
complex derivative as well as the primitivation operator. Here, some key facts should
be highlighted. Firstly, the basis elements are arranged in a lower triangular matrix
in which the polynomials of degree n belong to the (n + 1)-th row. Secondly, the
application of the hypercomplex derivative ∂0 or the primitivation operator PH can
be viewed as operations on a fixed column of the scheme mapping a basis element to
a single basis element just by multiplying with a real factor and lowering or raising
the polynomial degree. Thirdly, the polynomials
{
ϕnn,H
}
n∈N0 on the upper diagonal
are the set of monogenic constants (see Definition 2.3) vanishing after applying the
hypercomplex derivative once.
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Figure 2: Structural scheme of the orthonormal basis in L2(B+3 ;H) ∩ ker ∂¯.
3.2.1 Derivatives of H-holomorphic functions
Let us now consider the complete orthonormal system (22) in L2(B+3 ;H) ∩ ker ∂¯ in
particular with respect to the hypercomplex derivative ∂0. In this context, the deci-
sive property of the basis (22) is that the application of the hypercomplex derivative
to a polynomial of degree n results again to a real multiple of a single basis element
of degree n− 1. Due to that, the H-linear system possesses a strong analogy to the
complex power series expansions that will be elaborated next.
From paragraph (i) of Theorem 3.2 we conclude directly:
Proposition 3.1 ([4, 9]) The homogeneous monogenic polynomials
{
∂0ϕ
k
n,H : k =
0, . . . , n− 1
}
n∈N
form an orthogonal basis in L2(B+3 ;H) ∩ ker ∂¯.
The hypercomplex derivative of an arbitrary monogenic function represented by
the corresponding Fourier series in L2(B+3 ;H) ∩ ker ∂¯ is given as follows.
Proposition 3.2 ([4, 9]) Let f ∈ L2(B+3 ;H)∩ker ∂¯ be represented by its associated
Fourier series (23). Applying ∂0 to each summand yields formally the series
∂0 f =
∞∑
n=0
n∑
k=0
√
(2n+ 5)(n− k + 1)(n+ k + 2)
2n+ 3
ϕkn,Hαn+1,k, (24)
where αn,l ∈ H. This series converges pointwisely in B+3 and in L2(B+3 (0, r);H) for
all r < 1.
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Comparing the representation (24) with the system of hypercomplex derivatives
constructed in [15], we emphasize that the decisive quality of the new system results
from the fact that the hypercomplex derivative of an arbitrary function represented
by its Fourier series yields again an orthogonal series. More precisely, in [15] one
could just prove that the operator ∂0 maps an orthonormal basis to a set of linear
independent polynomials. Now the resulting set is also an orthogonal basis which
is quite analogous to the complex one-dimensional case. To illustrate the afore
said, let us consider, for instance, the Fourier series of a holomorphic function
f ∈ L2(B+2 ;C) ∩ ker ∂¯z, given by
f =
∞∑
n=0
z˜nβn, βn ∈ C,
where the set {z˜n}n∈N0 , z ∈ C is the standard orthonormal basis of the normalized
z-monomials with respect to the unit disc B+2 . The complex derivative ∂z of the
Fourier representation of f yields
∂zf =
∞∑
n=0
√
(n+ 1)(n+ 2) z˜nβn+1,
which is up to a real factor and apart from the dimension of the polynomial basis
similar to the representation (24).
3.2.2 Primitives of H-holomorphic functions
Let us now focus on the primitivation of H-holomorphic functions. As briefly out-
lined in the beginning, the concept of primitivation by line integrals can in principle
not be generalized to H whereby other approaches have to be discussed. In [4, 9] a
primitivation operator PH (see also Theorem 3.2) was introduced which is character-
ized as a formal inversion of the hypercomplex derivative. Actually, this primitiva-
tion operator defines a monogenic primitive for each basis element in the considered
subspace M+n (H) and thus has to be extended by continuity to the whole space
L2(B+3 ;H)∩ ker ∂¯. It is important to mention that already in [13] a similar primiti-
vation operator on a complete orthonormal systems in L2(B+3 ;H)∩ ker ∂¯ (q.v., [14])
was defined that could also be extended to the whole space. The primitivation op-
erator defined on the orthonormal basis (22) improves the results in [13] by certain
structural and orthogonality properties which will be summarized in the following.
Proposition 3.3 ([4, 9]) Let f ∈ L2(B+3 ;H) ∩ ker ∂¯ and consider its associated
Fourier series (23). The formal application of the PH-operator, given by paragraph
( ii) of Theorem 3.2, to each summand of the series yields the orthogonal series
PH f =
∞∑
n=0
n∑
l=0
√
2n+ 3
(2n+ 5)(n− l + 1)(n+ l + 2) ϕ
l
n+1,Hαn,l. (25)
The monogenic primitive PH f of a function f ∈ L2(B+3 ;H) ∩ ker ∂¯, defined by the
orthogonal series (25), is characterized by the next theorem.
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Theorem 3.3 ([4, 9]) For the primitivation operator PH and the corresponding
monogenic primitive PHf of a function f ∈ L2(B+3 ;H) ∩ ker ∂¯ hold:
( i) The linear operator
PH : L2(B+3 ;H) ∩ ker ∂¯ −→ L2(B+3 ;H) ∩ ker ∂¯
is bounded and its norm is ‖PH‖ =
√
3
10 .
( ii) The orthogonal series PHf converges in L2(B+3 ;H) ∩ ker ∂¯.
( iii) The monogenic primitive PHf is orthogonal to the subset of monogenic con-
stants in L2(B+3 ;H) ∩ ker ∂¯. Thus
PH f ⊥
(
ker ∂0 ∩ ker ∂¯
) ⊂ (L2(B+3 ;H) ∩ ker ∂¯ ) .
Once again, let us expose the analogy to the complex theory. On the (orthogonal)
basis {zn}n∈N0 in L2(B+2 ;C)∩ker ∂¯z we define a holomorphic primitivation operatorPz, such that for each basis element the conditions
Pzzn = z
n+1
n+ 1
and ∂z [Pzzn] = zn
hold. Representing a square-integrable holomorphic function f by its Fourier repre-
sentation with respect to the normalized basis {z˜n}n∈N0 we extend the primitivation
operator to the whole space L2(B+2 ;C) ∩ ker ∂¯z by
Pzf =
∞∑
n=0
√
1
(n+ 1)(n+ 2)
z˜n+1βn.
Furthermore, one proves easily that the linear operator
Pz : L2(B+2 ;C) ∩ ker ∂¯z −→ L2(B+2 ;C) ∩ ker ∂¯z
is bounded and its norm is ‖Pz‖ =
√
2
2 . It is also easy to see that the holomorphic
primitive Pzf is orthogonal to the subset of holomorphic constants L2(B+2 ;C)∩ker ∂¯z
which solely consists of a complex constant β0 = β
1
0 + iβ
2
0 , where β
1
0 , β
2
0 ∈ R.
3.3 An orthogonal Appell basis of inner solid spherical
monogenics
Remember now the structural scheme (see Figure 1) of the canonical power series
expansions in C sketched in the beginning of this paper. As it was shown in the
preceding sections, the first branch regarding to the Fourier series expansions could
be entirely generalized to H by preserving all the structural properties of the series
expansion under consideration. Let us now focus on the second branch regarding to
the Taylor series expansions and ask whether a series expansion can be constructed
using the same basis (22). One essential observation to answer this question is given
by the fact that the (n− l)-fold application of the hypercomplex derivative ∂0 to an
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arbitrary basis function ϕln,H always yields a monogenic constant (see, e.g., Figure
2). Note that this is similar to the complex case where the n-fold complex derivative
of the basis element zn results in a complex constant. As a consequence, one could
define (see [4, 9]) another operator
∂¯C =
1
2
(
∂
∂x1
+ e3
∂
∂x2
)
which is exclusively acting on the set of monogenic constants and mapping a mono-
genic constant of degree n to a monogenic constant of degree (n − 1). Let us now
look again at the complex Taylor series. As one can easily determine leads the
derivation of an arbitrary ansatz function ∂zz
n = nzn−1. This special normaliza-
tion of the ansatz functions is called Appell property that was generalized already in
1880 by Appell [3] to more general polynomial systems, nowadays called Appell sys-
tems. He defined a system {Pn(x)}n∈N with the property that ddxPn(x) = nPn−1(x),
n = 1, 2, ... . This was later on generalized by many authors in an extensive way. For
the case of monogenic polynomials, this idea was realized at first by Malonek et al.
in the papers [20, 33, 21, 16]. The authors defined a special system of homogeneous
monogenic polynomials Pk(x), x ∈ Rn with the property that 12∂Pn(x) = nPn−1(x)
and applied this idea to the definition of several elementary functions and the cal-
culation of combinatorial identities. Claiming now that for each application of the
differential operators ∂0 and ∂¯C, respectively, the Appell property must hold yields
the following theorem:
Theorem 3.4 ([4, 9]) The system of homogeneous monogenic polynomials
{
Aln :
l = 0, . . . , n
}
n∈N0, explicitly given by
A0n =
2
n+ 1
X0,†n,0,
Aln =
2l+1 n!
(n+ l + 1)!
(
X l,†n,0 − Y l,†n,3
)
, l = 1, . . . , n,
 (26)
is a complete orthogonal Appell set in L2(B+3 ;H) ∩ ker ∂¯ such that for each n ∈ N
∂0A
l
n =
 nAln−1 : l = 0, . . . , n− 10 : l = n
and
∂¯CA
n
n = nA
n−1
n−1.
Figure 3 illustrates the action of the differential operators on the orthogonal basis.
Precisely, the application of the hypercomplex derivative ∂0 to an arbitrary Appell
polynomial Aln causes a shifting of the degree in a fixed column l whereas the
application of the operator ∂¯C causes a shifting of the degree as well as a shifting
of the column. Again, it should be emphasized that the action of the differential
operator ∂¯C is restricted to the set of monogenic constants and thus, referring to
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Figure 3: Action of the differential operators ∂0 and ∂¯C on the Appell basis (26).
Figure 3, is mapping along the upper diagonal. As a consequence of the afore said,
one can conclude that for an arbitrary Appell polynomial Aln, l = 0, . . . , n, n ∈ N0
of the system (26) first the (n − l)-fold application of ∂0 and afterwards the l-fold
application of ∂¯C yields
∂¯ lC ∂
n−l
0 A
l
n = n!.
This property essentially enables the definition of a new Taylor-type series expansion
in terms of the Appell set (26) at first introduced in [4, 9].
Definition 3.2 (Taylor-type series in L2(B+3 ;H) ∩ ker ∂¯) Let f ∈ L2(B+3 ;H) ∩
ker ∂¯. The series representation
f :=
∞∑
n=0
n∑
l=0
Alntn,l, with tn,l =
1
n!
∂¯ lC ∂
n−l
0 f(x)
∣∣∣
x=0
(27)
is called generalized Taylor-type series in L2(B+3 ;H) ∩ ker ∂¯. The operators ∂00 and
∂¯ 0C are identified with the corresponding identity operators.
Finally, let us draw some interesting consequences resulting from this novel
Taylor-type series (27). Firstly, the Taylor series is also an orthogonal series ex-
pansions. More precisely, all summands of the Taylor series form an orthogonal
basis in L2(B+3 ;H) ∩ ker ∂¯, whereby the Taylor coefficients can be directly linked
with the coefficients of a associated Fourier series as for example in the complex
case. Due to the fact that each Appell polynomial is up to a real normalizing factor
equivalent to a single orthonormal basis polynomial (compare, e.g., equation (22)
and equation (26) ) each Fourier coefficient (23) of a function f ∈ L2(B+3 ;H)∩ ker ∂¯
can be expressed in terms of the corresponding Taylor coefficient (27) by the relation
αn,l = 2
l+1
√
pi
(2n+ 3) (n− l)! (n+ l + 1)! ∂¯
l
C ∂
n−l
0 f(x)
∣∣∣
x=0
, (28)
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where l = 0, . . . , n and n ∈ N0. Secondly, we directly conclude from the equation
(28) the transformation of an arbitrary element of the H-linear orthonormal system
(22) into an element of the Appell basis (26), that is
Aln = 2
l+1 n!
√
pi
(2n+ 3) (n− l)! (n+ l + 1)! ϕ
l
n,H, l = 0, . . . , n, n ∈ N0. (29)
For a detailed proof of the relations (28) and (29), see [4, 9].
Obviously, one can show the analogy to the complex theory also for this result.
For a function f ∈ L2(B+2 ;C) ∩ ker ∂¯z, the relations between the complex Taylor-
and Fourier coefficients are given by
βn =
1
n!
√
pi
n+ 1
∂nz f(z)
∣∣∣∣
z=0
.
Restricting ourselves to the special case l = 0, equality (28) reduces to
αn,0 =
2
n!
√
pi
(2n+ 3) (n+ 1)
∂n0 f(x)
∣∣∣
x=0
,
which is quite similar to the complex relation.
4 Recurrence formulae
In view of the practical applicability and an efficient implementation of the orthogo-
nal bases introduced in the previous section we are also interested in recurrence rela-
tions between the elements of the bases. Such recurrence relations become also very
advantageous to prove structural properties of orthonormal bases of outer spherical
monogenics studied later on in this article (q.v. Section 6). Thus, preparing the
upcoming calculations we first provide an explicit representation of the Appell basis
(26) in spherical coordinates. With (9), we directly obtain for the case l = 0 the
relation
rnA0n(ω) =
2 rn
n+ 1
[
A0,n + B0,n cosϕ e1 + B
0,n sinϕ e2
]
. (30)
Consider now the basis elements Aln, l = 1, . . . , n and determine their spherical part.
With (9) and (10) we get
X ln,0 − Y ln,3 = Al,n cos lϕ+
[
(Bl,n + Cl,n)(cosϕ cos lϕ− sinϕ sin lϕ)
]
e1
+
[
(Bl,n + Cl,n)(cosϕ sin lϕ+ sinϕ cos lϕ)
]
e2 − Al,n sin lϕ e3
= Al,n
[
cos lϕ− sin lϕ e3
]
+ (Bl,n + Cl,n)
[
(cosϕ cos lϕ− sinϕ sin lϕ)e1
+ (cosϕ sin lϕ+ sinϕ cos lϕ)e2
]
.
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For a fixed n ∈ N0 and l = 0, . . . , n, we finally obtain by substituting the relation
(19) into the equation (30) as well as in the latter equation the general representation
rnAln(ω) =
2l+1 n! rn
(n+ l + 2)!
[
(n+ l + 2)Al,n
(
cos lϕ− sin lϕ e3
)
+ Al+1,n
(
(cosϕ cos lϕ− sinϕ sin lϕ)e1 (31)
+ (cosϕ sin lϕ+ sinϕ cos lϕ)e2
)]
,
where the functions Al,n(θ) are explicitly given by (11). The main result of this
section is subject of the following theorem.
Theorem 4.1 For each n ∈ N0 the elements of the monogenic Appell basis (26)
satisfy the recurrence formulae
xAln =
1
2(n+ 1)
[
(2n+ 3)Aln+1 − (2l + 1) Âln+1
]
, (32)
Aln+1 =
n+ 1
2(n− l + 1)(n+ l + 2)
[
(2n+ 3) xAln + (2l + 1) x Â
l
n
]
, (33)
with l = 0, . . . , n. The corresponding anti-monogenic function Âln to the Appell
polynomial Aln is defined by Corollary 2.1.
Proof. The complete proof can be found in [6]. 
Finally, let us draw some further conclusions of the constructed one-step re-
currence formulae (32) and (33). Firstly, the recurrence formulae relate Appell
polynomials of different degree n however the index l is fixed. Referring to Figure
3, this structurally means that the elements of the (l + 1)-th column are recur-
sively generated by the initial elements All which are in fact belonging to the subset
of monogenic constants. In [4, 9] it was further proved that these constants pos-
sess the simple (cartesian) representation All = (x1 − x2e3)l, l ∈ N0 and thus
are isomorphic to the anti-holomorphic z¯-powers of the complex one-dimensional
case. Secondly, a straightforward computation shows that a combination of the
recurrence formulae (32) and (33) yields a two-step recurrence formula using solely
H-holomorphic basis elements.
Corollary 4.1 For each n ∈ N and l = 0, . . . , n the elements of the monogenic
Appell basis (26) satisfy the two-step recurrence formula
Aln+1 =
n+ 1
2(n− l + 1)(n+ l + 2)
[(
(2n+ 3)x + (2n+ 1)x
)
Aln − 2nxxAln−1
]
(34)
with
All+1 =
1
4
[
(2l + 3)x + (2l + 1)x
]
All and A
l
l = (x1 − x2e3)l .
Thirdly, the recurrence formulae for the elements of the orthonormal basis (22) are
directly obtained by applying the transformation (29) to formulae (32), (33) and
(34), respectively. Accordingly, the orthogonal bases (22) and (26) can now be
generated in an very efficient and direct way whereby the extensive construction
process based on the set of inner solid spherical monogenics (8) becomes redundant.
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5 Closed-form representations
In this section the preceding results are applied to construct a closed-form repre-
sentation for each element of the orthogonal bases. This idea is motivated by the
observation that, for a fixed index l ∈ N0, each basis polynomial Aln, n ≥ l of the
(l + 1)-th column (see Figure 3) is related to the monogenic constant All. Hence, it
is natural to ask whether each element of the Appell basis (26) can be factorized
into a monogenic constant and a polynomial H-valued rest term.
Theorem 5.1 For each n ∈ N and l = 0, . . . , n the elements of the monogenic
Appell basis (26) possess the factorization
Aln =
n! l!
22(n−l)(n+ l + 1)!(2l)!
[
n−l∑
h=0
(2n− 2h+ 1)!(2l + 2h)!
h!(n− l − h)!(n− h)!(l + h)!x
hxn−l−h
]
All (35)
with All = (x1 − x2e3)l.
Proof. The complete proof can be found in [6]. 
Note that already in [33] a factorization of special monogenic polynomials in
terms of x and x¯ powers was obtained which coincides with the subset of (35) for
the special case l = 0 and thus A00 = 1. These polynomials, as it was proved in [29],
are the Fueter-Sce extensions of the complex monomials zn.
6 An H-linear orthonormal basis of outer solid
spherical monogenics
For the generation of complete systems of outer spherical functions the subsequent
transformation is applied.
Definition 6.1 (Kelvin transformation in H) Let Pn ∈ M+n . The bijective
mapping K :M+n −→M−n , given by
Qn(x) = K (Pn) = x|x|3 Pn
(
x
|x|2
)
, (36)
is called Kelvin transformation in H.
Using this approach is mainly motivated by the fact that for a fixed n ∈ N0 the
complex Kelvin transformation of the inner polynomial zn directly yields the cor-
responding outer function z−(n+1). For this reason it is natural to ask whether the
application of the hypercomplex Kelvin transformation to the constructed bases
(22) and (26) lead again to complete systems in B−3 and which properties of the
systems are preserved in this process.
First we study the application of the Kelvin transformation (36) to the elements
of the orthonormal basis (22).
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Theorem 6.1 Let
{
ϕln,H : l = 0, . . . , n
}
n∈N0 be the H-linear orthonormal basis (22).
For each n ∈ N0 the homogeneous H-holomorphic functions
ϕl−(n+2),H :=
√
2n+ 1
2n+ 3
K
(
ϕln,H
)
, l = 0, . . . , n (37)
with degree of homogeneity −(n+ 2) are orthonormal in L2(B−3 ;H) ∩ ker ∂¯.
Proof. The complete proof can be found in [5]. 
In [35] it was proved that the subspaceM−n (H) of outer spherical functions with
degree of homogeneity −(n+2) has dimension n+1. Since the Kelvin transformation
maps the space L2(B+3 ;H) ∩ ker ∂¯ onto the space L2(B−3 ;H) ∩ ker ∂¯ we directly
conclude from the orthonormality of the transformed system (37) the completeness
in the whole space.
Corollary 6.1 The system of homogeneous H-holomorphic functions
{
ϕl−(n+2),H :
l = 0, . . . , n
}
n∈N0 is an orthonormal basis in L
2(B−3 ;H) ∩ ker ∂¯.
Figure 4 illustrates the obtained results for the outer orthonormal basis (37) up to
now and its connection to the orthonormal basis (22) in L2(B+3 ;H) ∩ ker ∂¯.
Figure 4: Orthonormal bases of inner and outer homogeneous H-holomorphic functions.
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Let us now study the basis elements of the outer system in particular with regard
to the hypercomplex derivative and primitive. In C, as is well-known, the derivative
of an outer basis function with degree of homogeneity −(n+ 1), n ∈ N0 yields again
a real multiple of a basis function with degree of homogeneity −(n+ 2). The next
theorem shows that also this structural property is generalized to H by the new
system of H-holomorphic functions constructed here.
Theorem 6.2 For the outer spherical functions ϕl−(n+2),H, l = 0, . . . , n of the or-
thonormal basis (37) the following properties hold:
( i) The application of the hypercomplex derivative ∂0 =
1
2∂ to the basis elements
of (37) yields
∂0 ϕ
l
−(n+2),H = −
√
(2n+ 1)(n− l + 1)(n+ l + 2)
2n+ 3
ϕl−(n+3),H,
where l = 0, . . . , n and n ∈ N0.
( ii) The operator PH :M−n (H)→M−n−1(H), explicitly given by
PH ϕl−(n+2),H = −
√
2n+ 1
(2n− 1)(n− l)(n+ l + 1) ϕ
l
−(n+1),H,
defines a primitive for each element of the H-linear orthonormal basis, such
that for arbitrary n ∈ N and l = 0, . . . , n − 1 the relation ∂0
[
PH ϕl−(n+2),H
]
=
ϕl−(n+2),H holds.
Proof. The complete proof can be found in [5]. 
Denoting now the degree of homogeneity of the respective inner and outer func-
tions with the uniform parameter k some of the structural properties (see, i.e.,
Theorems 3.2, 6.1 and 6.2) can be generally stated for both orthonormal systems
(22) and (37).
Corollary 6.2 For the homogeneous H-holomorphic functions of the complete or-
thonormal systems (22) and (37) the following relations hold:
( i) For arbitrary k ∈ Z \ {−1}, we have the transformation
ϕlk,H =
√
2k + 3
2k + 1
K
(
ϕl−(k+2),H
)
, l = 0, . . . , |k + 1| − 1.
( ii) The application of the hypercomplex derivative ∂0 =
1
2∂ to an arbitrary element
of the systems (22) and (37) yields
∂0 ϕ
l
k,H = sign k
√
(2k + 3)(k − l)(k + l + 1)
2k + 1
ϕlk−1,H,
where k ∈ Z \ {−1, 0} and
l =
 0, . . . , k − 1 : sign k = 1,0, . . . , |k + 1| − 1 : sign k = −1.
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( iii) The operator PH :M±n (H)→M±n±1(H), explicitly given by
PH ϕlk,H = sign k
√
2k + 3
(2k + 5)(k − l + 1)(k + l + 2) ϕ
l
k+1,H,
defines a primitive for each element of the H-linear orthonormal bases (22)
and (37), such that for arbitrary k ∈ Z \ {−2,−1} and
l =
 0, . . . , k : sign k = 1,0, . . . , |k + 1| − 2 : sign k = −1
the relation ∂0
[
PH ϕlk,H
]
= ϕlk,H holds.
Regarding Figure 4, the aforementioned mapping and structural properties between
the elements of the bases (22) and (37) can be easily retraced. Here, it also turns out
that some of the functions take a special case in the scheme. These are on the one
hand the inner functions
{
ϕkk,H
}
k≥0
with respect to their hypercomplex derivative
and on the other hand the outer functions
{
ϕ
−(k+2)
k,H
}
k≤(−2)
with respect to their
monogenic primitive.
7 An orthogonal Appell basis of outer H-holo-
morphic functions
The starting point of the construction of an orthogonal Appell basis in L2(B−3 ;H)∩
ker ∂¯ is taken by relation (29) between the elements of the orthonormal basis and
the Appell basis, respectively. Applying on both sides of the equation the Kelvin
transformation (36) and taking into account (37) yields the auxiliary function
K
(
Aln
)
= 2l+1 n!
√
pi
(2n+ 3) (n− l)! (n+ l + 1)! K
(
ϕln,H
)
= 2l+1 n!
√
pi
(2n+ 1) (n− l)! (n+ l + 1)! ϕ
l
−(n+2),H =: H
l
−(n+2),H. (38)
On the basis of Figure 4 it becomes clear that the central operation in constructing
an Appell basis in L2(B−3 ;H) ∩ ker ∂¯ is now in contrast to the inner Appell basis
(see, i.e., [4, 9]) the derivation and not the primitivation. Therefore, we need the
hypercomplex derivative of the aforementioned auxiliary function. With paragraph
(i) of Theorem 6.2 we directly obtain the relation
∂0 H
l
−(n+2),H = −
(n− l + 1)(n+ l + 2)
n+ 1
H l−(n+3),H .
A next difficulty results from the fact that for an arbitrary n ∈ N0 not all elements
of the subspaceM−n+1(H) can be obtained by derivation of the elements inM−n (H).
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Regarding Figure 4, these stand alone elements
{
ϕn−(n+2),H
}
n∈N0
correspond to the
Kelvin transformations of the monogenic constants. Conversely, these functions can
be characterized by the fact that they don’t possess a H-holomorphic primitive in
the set of the outer basis functions. In the complex case, a similar situation can
be found for the outer holomorphic function 1z , for which the complex logarithm
defines a primitive. Hence, this function doesn’t possess a direct primitive in the
basis of the negative z-powers as well.
It is for this reason that we now have to think about an appropriate normalization
of these special outer Appell functions. For this purpose, we recall the explicit
expressions of the monogenic constants of the inner Appell system
Ann = (x1 − x2e3)n =: ζn, n ∈ N0 .
Applying the Kelvin transformation (36) to the monogenic Appell constants, we
obtain the simple relations
An−(n+2) := K (Ann) = (−1)n
x¯ ζn
|x|2n+3 , n ∈ N0. (39)
As one can easily conclude from equation (39), the transformation of the Appell
polynomial A00 yields a real multiple of the Cauchy kernel
E2(x) =
1
4pi
x¯
|x|3 , x 6= 0 (40)
which is analogous to the complex case. The images of the other transformed
constants Ann, n > 0 can then be characterized as products of the Cauchy kernel
and the function 4pi (−1)
n ζn
|x|2n . Caused by the fact that these properties naturally
arise by the transformation of the Appell constants we take in the first instance the
relation (39) as a basis for the normalization of the outer Appell functions. Thus,
the construction auf the outer Appell system has to be done column-wise (q.v.,
Figure 4). For an arbitrary p ∈ N0 and with γn,l = − (n−l+1)(n+l+2)n+1 , we get for the
(p+ 1)-th column:
Aˇp−(p+2) = H
p
−(p+2),H
Aˇp−(p+3) =
1
(−(p+ 2)) ∂0Aˇ
p
−(p+2) =
1
(−(p+ 2)) γp,p H
p
−(p+3),H
Aˇp−(p+4) =
1
(−(p+ 3)) ∂0Aˇ
p
−(p+3) =
1
(−(p+ 2))(−(p+ 3)) γp,p γp+1,p H
p
−(p+4),H
...
...
Aˇl−(n+2) =
(l + 1)!
(−1)n−l(n+ 1)!
n−1∏
j=l
γj,l H
l
−(n+2),H.
In regard of relation (38), we finally obtain after simplification an outer Appell
system
Aˇl−(n+2) =
l! (l + 1)! (n+ l + 1)! (n− l)!
n! (n+ 1)! (2l + 1)!
K
(
Aln
)
, l = 0, . . . , n, n ∈ N0
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in terms of the Kelvin transformed inner Appell set (26). Having in mind that a
column-wise multiplication with an arbitrary H-valued constant with real coordi-
nates doesn’t affect the Appell property, we can neglect those coefficients in the
above representation of the Appell set which only depend on the parameter l. Con-
sequently, the outer Appell system becomes
Al−(n+2) =
(n+ l + 1)! (n− l)!
n! (n+ 1)!
K
(
Aln
)
, l = 0, . . . , n, n ∈ N0, (41)
which is particularly characterized by the following theorem.
Theorem 7.1 The system of outer homogeneous H-holomorphic functions
{
Al−(n+2) :
l = 0, . . . , n
}
n∈N0 is an orthogonal Appell basis in L
2(B−3 ;H) ∩ ker ∂¯, such that for
each n ∈ N0
∂0A
l
−(n+2) = −(n+ 2)Al−(n+3), l = 0, . . . , n
and
An−(n+2) =
(−1)n (2n+ 1)!
n! (n+ 1)!
x¯ ζn
|x|2n+3 , ζ = x1 − x2e3.
Proof. The proof follows by construction. 
For a fixed n ∈ N0, the direct relation between the outer Appell functions (41)
and the elements of the outer orthonormal basis (37) is then equivalently given by
Al−(n+2) =
2l+1
(n+ 1)!
√
pi (n− l)! (n+ l + 1)!
2n+ 1
ϕl−(n+2),H, l = 0, . . . , n. (42)
From that and due to relation (37), we also obtain the link to the elements of the
inner orthonormal basis (22).
Finally, let us consider an alternative approach to generate the outer Appell
basis. Here, the elements are constructed by hypercomplex derivation and thus
independent from the Kelvin transformation acting on the inner polynomials. Using
the relations for the transformed monogenic constants given in Theorem 7.1, we get
Al−(n+2) =
(−1)n(2l + 1)!
l! (n+ 1)!
∂n−l0
(
x¯ ζl
|x|2l+3
)
=
(−1)n(2l + 1)!
l! (n+ 1)!
[
∂n−l
∂xn−l0
x¯
|x|2l+3
]
ζl,
where l = 0, . . . , n and n ∈ N0. In this context it must be emphasized that already in
[11] partial derivatives of the Cauchy kernel were studied. As one can easily conclude
from the last equation, the partial derivatives ∂
n
∂xn0
of the unnormed Cauchy kernel
correspond to the special case l = 0.
8 Laurent series expansions of H-holomorphic
functions
Let us now consider the construction of a new type of Laurent series expansions of
H-holomorphic functions using in particular the aforementioned function systems.
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At first, we obtain from the proof of the Theorem 6.1 that the surface integral of
two arbitrary elements of the orthonormal systems (22) and (37) with respect to
the unit sphere S2 yields
< ϕlk,H, ϕ
m
q,H >(S2,H) =
 |2k + 3| : k = q ∧ l = m,0 : k 6= q ∨ l 6= m,
where l = 0, . . . , |k+ 1| − 1, m = 0, . . . , |q+ 1| − 1 and k, q ∈ Z \ {−1}. Thus, on the
basis of the systems (22) and (37) we make a general Fourier ansatz with respect to
S2 resulting in the following series expansion
f(x) :=
∞∑
k=−∞
k 6=−1
|k+1|−1∑
l=0
ϕlk,H(x)γ
∗
k,l, γ
∗
k,l =
1
|2k + 3|
∫
S2
ϕlk,H(y) f(y) dσ . (43)
This orthogonal series can be viewed as a generalized Laurent series expansion of
the H-holomorphic function f in the domain of the unit spherical shell ΩS2 ={
x
∣∣ ξ < |x| < 1}. Since the outer radius is fixed by the unit sphere S2, it holds
0 ≤ ξ < 1.
In the following, the series expansion (43) will be generalized to an arbitrary
spherical shell and the interplay with the monogenic Taylor expansion (27) as well
as with Cauchy’s integral formula∫
∂Ω
E2(y − x) dy∗ f(y) =
 f(x) : x ∈ Ω,0 : x ∈ R3 \ Ω (44)
will be shown. At first we replace each basis function in the Laurent coefficients of
the series expansion (43) equivalently by its associated Kelvin transformed function.
Due to paragraph (i) of Corollary 6.2 we get
γ∗k,l =
1
|2k + 3|
√
2k + 3
2k + 1
∫
S2
y¯
|y|3ϕ
l
−(k+2),H
(
y¯
|y|2
)
f(y) dσ
=
1√
(2k + 3)(2k + 1)
∫
S2
ϕl−(k+2),H
(
y¯
|y|2
)
y
|y|3 f(y) dσ.
Let now S2ρ =
{
x
∣∣ |x| = ρ} be the sphere of radius ρ and dy∗ = y|y|dσ be the
normalized surface element. The Laurent coefficients regarding the integration over
S2ρ become equivalently
γ∗k,l =
1√
(2k + 3)(2k + 1)
∫
S2ρ
ϕl−(k+2),H(y¯) dy
∗f(y). (45)
From that we consider the orthogonal series (43) in the form
f(x) = fa(x) + f b(x) =
∞∑
m=0
m∑
l=0
ϕl−(m+2),H(x)γ
∗
−(m+2),l︸ ︷︷ ︸
a©
+
∞∑
n=0
n∑
l=0
ϕln,H(x)γ
∗
n,l︸ ︷︷ ︸
b©
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and call the partial series a© the principle part and b© the secondary part of the
Laurent series expansion of f . In consideration of the Laurent coefficients (45), with
k = −(m+ 2), m ∈ N0 and accordingly k = n, n ∈ N0, we obtain by substitution of
the relations (29) and (42) for the principle part
fa(x) =
∞∑
m=0
m∑
l=0
Al−(m+2)(x)
m+ 1
4l+1 pi
∫
S2ρ
Alm(y¯) dy
∗f(y)
and analogously for the secondary part of the series
f b(x) =
∞∑
n=0
n∑
l=0
Aln(x)
n+ 1
4l+1 pi
∫
S2ρ
Al−(n+2)(y¯) dy
∗f(y).
Consequently, the main result of this subsection is given by the following theorem:
Theorem 8.1 (Laurent series expansion in H) Let f be H-holomorphic in the
spherical shell
Ωξ =
{
x
∣∣ ξ1 < |x| < ξ2 with 0 ≤ ξ1 < ξ2 ≤ ∞} .
Then f can be represented in Ωξ as a Laurent series expansion
f(x) :=
∞∑
k=−∞
k 6=−1
|k+1|−1∑
l=0
Alk(x)γk,l, γk,l =
|k + 1|
4l+1pi
∫
S2ρ
Al−(k+2)(y¯) dy
∗f(y) (46)
around the origin. Here, S2ρ denotes an arbitrary sphere of distance ρ from the
origin lying inside Ωξ.
Finally, let us remark on some interesting properties of the presented series
expansion. In analogy to the complex case it can be shown that the secondary part
of the Laurent series expansion (46) corresponds to the associated Taylor series
expansion. For n ∈ N0 and l = 0, . . . , n, the application of the hypercomplex
differential operators ∂¯ lC ∂
n−l
0 on both sides of Cauchy’s integral formula (44) yields
the relation
∂¯ lC ∂
n−l
0 f(x) =
1
4pi
∫
S2ρ
∂¯ lC ∂
n−l
0
(
y − x
|y − x|3
)
dy∗f(y).
Further, it can be shown that
∂¯ lC ∂
n−l
0
(
y − x
|y − x|3
)
= ∂¯ lC ∂
n−l
0 A
0
−2(y − x) =
(n+ 1)!
4l
Al−(n+2)
(
y − x)
holds. In the context of the Taylor series expansion (27), we obtain, in a manner of
speaking, for the n-th derivative of the function f the relation
∂¯ lC ∂
n−l
0 f(x) =
(n+ 1)!
4l+1pi
∫
S2ρ
Al−(n+2)
(
y − x) dy∗f(y)
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and thus for the Taylor coefficients
1
n!
∂¯ lC ∂
n−l
0 f(x)
∣∣∣
x=0
=
n+ 1
4l+1pi
∫
S2ρ
Al−(n+2)
(
y¯
)
dy∗f(y),
where l = 0, . . . , n and n ∈ N0.
Once again, we expose the strong analogy of the Appell polynomials
{
A0k
}
k∈Z\{−1}
to the complex Laurent series expansion. In this connection, we remind also on the
direct relation of this subset with the Appell polynomials constructed by H.R. Mal-
onek et al. (q.v. [20, 21, 33]) and with the Fueter-Sce extensions of the complex
monomials zn (q.v. [29]), respectively, which gives a natural explanation of this
issue. Having further in mind that each of this functions belongs to the subspace
A and thus, as in the complex case, for each element the relation A0k(x¯) = A0k(x)
holds, the Laurent series expansion (46) for the case l = 0 finally reduces to
f(x) =
∞∑
k=−∞
k 6=−1
A0k(x)γk,0, γk,0 =
|k + 1|
4pi
∫
S2ρ
A0−(k+2)(y) dy
∗f(y) .
A comparison with the complex Laurent series expansion for the annulus around
the origin
f(z) =
∞∑
k=−∞
zk γk, γk =
1
2pii
∫
S1ρ
f(ζ)
ζk+1
dζ
clearly shows the similarity of both series expansions.
9 Conclusions
In this article a constructive approach to generalize the canonical series expansions
(Fourier, Taylor, Laurent) of the complex one-dimensional case to dimension 3 was
presented. In the framework of hypercomplex functions theory, in particular the
theory of H-holomorphic functions, very recent orthogonal bases of solid spherical
monogenics [4, 9] were defined which fully generalize the behavior of the holomor-
phic z-powers with regard to the derivation and primitivation. Further, these bases
allow the definition of a Fourier and a new orthogonal Taylor-type series expansion
with the special property that their hypercomplex derivative and primitive are again
orthogonal series and that the coefficients of both series expansions can be explicitly
(one-to-one) linked with each other (see, Figure 5). This is a direct consequence
of the aforementioned properties and corresponds to the complex power series ex-
pansions as well. Recently, it was shown that the orthonormal basis presented here
has some deeper theoretical meaning in group theory in particular in relation to the
so-called Gelfand-Tsetlin basis. First works in this context can be found in [10] and
[30]. In view of the practical applicability of these series expansion one could prove
very compact recurrence formulae (see, e.g., the two-step formula in Figure 5) as
well as a closed-form representation for the elements of the bases. A very interesting
fact is that each basis polynomial of degree n and signature l is recursively generated
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Figure 5: Power and Laurent series expansions in H.
from the monogenic constant (x1 − x2e3)l of degree l in (n− l) recursion steps. In
analogy to the complex theory it was then natural to ask for the spatial analogue
to the holomorphic z-powers of negativ degree. Here, a new orthonormal basis of
outer solid spherical monogenics in L2(B−3 ;H) ∩ ker ∂¯ was constructed by applying
the Kelvin transformation and some real normalization factor to the elements of the
orthonormal basis in L2(B+3 ;H)∩ker ∂¯. Noteworthy here is that the transformation
was also preserving the properties regarding the hypercomplex derivative and the
primitive. Taking now into consideration that the Laurent series expansion in C is
defined in terms of the non-normalized z-powers and thus having the Appell prop-
erty, one could also construct an outer Appell basis in L2(B−3 ;H) ∩ ker ∂¯ which is
consistent with the Appel basis in L2(B+3 ;H)∩ker ∂¯. The latter enabled the explicit
definition of a new orthogonal Laurent series expansion in the spherical shell. Fi-
nally, the interplay of the Laurent series expansion with Cauchy’s integral formula
and the Taylor series expansion was emphasized. Analogously as in the complex
case, it was shown that each Taylor coefficient can be expressed by some surface
integral over a higher order derivative of the Cauchy kernel which furthermore co-
incides with the respective Laurent coefficient of the secondary part of the series
expansion.
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